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INTRODUCTION 
Let G be a group, I= ( 1, . . . . n >, and Q = {P,, . . . . P,} a set of proper 
subgroups of G. G is called an amalgam of rank n (see [2, p. 61 I), if the 
following hypotheses are satisfied: 
(A 1) G = (P, , . . . . P, ), and no proper subset of Q generates G. 
(A2) B = Pin P,, i #j, is independent of i, je I. 
(A3) No nontrivial normal subgroup of G is contained in B. 
(A4) G is universal in the sense that any group satisfying hypotheses 
(Al )-(A3) is a homomorphic image of G. 
This definition was motivated by the fundamental paper [3] which con- 
siders amalgams of rank 2 in which P, , P, are finite, and P,/O,(P,) 1: S,, 
i= 1, 2. As mentioned in [3], these amalgams are closely related to rank 
2 BN pairs over GF(2). 
In an important paper [2] that followed, it was shown that if G is an 
amalgam of rank 2 such that the following additional hypotheses are 
satisfied: There exists a prime p such that: 
(Bl) P, and P, are finite subgroups and Syl,( B) G Syl,(P,), i = 1, 2. 
U32) Cp,(O,(P,)) d OptPi), i = 1, 2. 
(B3) Op’( P,/O,(P,)) is a Chevalley group of rank 1. 
Then the structure of P, and P, is completely determined. A group G 
which satisfies hypotheses (Al )-(A3) and (Bl)-(B3) is by definition a weak 
BN pair of rank 2. 
In general for an amalgam of rank n satisfying hypotheses (Bl ) and (B2) 
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the question arises whether the structure of P,, . . . . P, can be deduced from 
the structure of P,/O,(P,), .,,, P,/O,(P,). 
In [4] the possibilities forthe structure of P, and P2 are determined 
under the hypothesis: P,/0,(P,)=S5 and P,/0,(P2)-S,. It is shown 
that this configuration is related to many of the sporadic simple groups. 
Before we proceed we mention that if G is an amalgam of rank n, and 
H is a group satisfying hypotheses (Al)-(A3), but not necessarily 
hypothesis (A4), then H is called a completion of G. 
Our main theorem is: 
THEOREM A. Assume G is an amalgam of rank 2 satisfying hypotheses 
(Bl) and (B2), and suppose further that PIJO, N A, and 
P,/O,(P,) N S,. Then: 
(1) P, w~~.A, and P,-2 1+1+1+2+2+1 .s3, or 
(2) P, w~~.A, and PZ-21+2+2+1 .S3, or 
(3) P1~21+6.A, and P2-22+2f2+1+1f1.S3. 
BY - we mean a description of the chief factors of the group (see Sec- 
tion 4 for more details). We mention that O,(3) is a completion of case (1) 
of Theorem A and the McLaughlin group is a completion of case (2) of 
Theorem A. We did not find a “nice” completion for case (3) of 
Theorem A, but an amalgam of case (3) of Theorem A does exist; it is 
denoted by .3* and was discovered by A. Chermak. 
1. NOTATION AND PRELIMINARY RESULTS 
Our notations follow [4]. Let G, P,, and P, be as in Theorem A. We let 
f be the graph whose vertex set is the right cosets of P,, together with the 
right cosets of P2 in G. Two vertices I, 6 E r are adjacent if their intersec- 
tion is not empty. The basic properties of r are listed in[4, Lemma (1.9)]. 
For the convenience of the reader we list here the notation to be used 
throughout this paper: 
G A group satisfying the hypotheses of Theorem A 
Gi The stabilizer in G of ;I E I- 
d The usual distance function in I- 
A(‘)(A) (6 e I’1 d(l, 6) = i} 
A(A) A”‘(l) 
G:” t-I Ga GEd(%) 
Q% O,(GJ 
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(Q,(Z(T))I TESYL(G;.)) 
(Z,l6E42)) 
(V,I444G2) 
min{d(k 6)lZj. X Qs} 
rnin{b61dEr} 
O*(Gj.) 
C,;( VA) 
C,(LJ 
Vi.lDi. 
Let (a, a’) be a pair of vertices uch that d(a, a’) = b. Then 
OL B z+2 a+3 a’-3 a’-2 a’- I 2’ 
. . . . 
will always denote an arc of minimal length connecting a and a’. Note that 
b always denotes a + 1. a - i will denote a vertex in d”‘(a)\ {a + i}, and 
a’ + i will always denote a vertex in d”‘(a’)\(a - i). A critical pair is a pair 
of vertices (a, a’) satisfying d(a, a’) = b, and Z, $ QclS. Or a pair of vertices 
(/I, a’) satisfying d(/?, a’) = b - 1, VP $ Q,,. Note (a, a’) will always denote 
a critical pair of the first ype, and (/I, a’) will always denote a critical pair 
of the second type. In the next lemma we summarize some basic results 
which can be found in [4]: 
(1.1). Let i E r, and let (a, a’) be a critial pair. Then we have: 
(1) QA = Gj”. 
(2) Z>. G Z(Qj.1. 
(3) Z, x Z(G,). 
(4) If Z, < Z(Gp), then Z(G,) = 1. 
(5) If [Z,, Z,,] = 1, then Z,, < Z(G,,). 
(6) Let a, fl be adjacent vertices in ZY Suppose there exists a sub- 
group U< G, n G, such that NJ U), is transitive on d(l) for I = a, fi. 
Then U= 1. 
A, modules ouer GF(2). All modules here are A, modules over GF(2). A 
natural module is a faithful module of dimension 4. The permutation module 
is the six dimensional permutation module. Note that throughout this 
paper we are assuming knowledge of the module structure of the above two 
types of modules. The reader who is unfamiliar with these modules can 
easily verify properties of these modules, which we require in this paper. 
Let V be a module. An involution tE A, induces a j-transcection on V if 
C,(t) has codimension j in V. The 1-transvections are called transuections. 
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(1.2) Let V be a module, then: 
(1) No involution in A, induces a transvection on I’. 
(2) If an involution t E A, induces a j-transvection V, for j< 3, 
then V/C,(A,) is either a natural module or the permutation module. 
(3) If there exists an elementary abelian subgroup A d A7 of order 4 
such that C,(A) has codimension 2 in V, then V/C,(A,) is a natural 
module. 
Proof. Part (1) follows from the fact that all involutions in A, are con- 
jugate, A, is generated by three involutions, and A, has no faithful modules 
of dimension 63. For (2) see [l, Lemma(8.6), p. 7231. Finally (3) follows 
from the fact that A, is generated by two conjugates of A. 
The following result is due to U. Meierfrankenfeld. 
(1.3) Let H 2: A,, and SE Syl,(H). Let V be a GF(2) - H Module and 
U an S submodule of V such that V= (U”). Let t E H be an involution 
anddefineX=(Uh/(t,Sh)=H).IfI[X,t]l<2,then[V,H]=1. 
Proof: We start with: 
(1) There exists an element de H of order 5, and h E H such that: 
(4 <4(t) = 4, 
(b) t E Sh, and ( Shd’, t)=H, for i=l,2,3,4. 
Let d= (12345), t = (25)(34), Sh = ((25)(67), (26)(57), (25)(34)). Then 
dE (Shd’, t) and (Shd’, t) is transitive. 
(2) We may assume [U, S] = 1. 
Assume that: 
(*) (1.3) holds with the additional assumption that [U, S] = 1. 
We now prove (1.3) under the hypothesis (*). Let k be the minimal integer 
satisfying [U, S, S, . . . . Slktimes = 1. We show (1.3) by induction on k. If 
k = 1, this is (*). Assume k > 1 and define U, = [U, S], V, = (Uy). It is 
readily verified that if we replace V by V,, U by CT,, and X by 
X, = (U!l (t, Sh) = H) in (1.3), then all the hypotheses of (1.3) are 
satisfied. By the induction hypothesis [V,, H] = 1. Set now B= V/V,, 
I!?= (U+ V1)/V,, and 8= (D”I (t, Sh) = H). Then if we replace in (1.3) 
V by V, U by 0, and X by Z, then all the hypotheses of (1.3) are satisfied 
and in addition the hypothesis in (*) is satisfied. We may conclude by (*) 
that [V, H] = 1, i.e., [V, H] < Yl. Thus [V, H, H] = 1 and by the three 
subgroup lemma, [V, H] = 1. This completes the proof of (2). 
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(3) [U”, t] = 1. 
tESh, [U,S]=l so [Uh,Sh]=l. 
jet now W= (Uh(r)<d) >. Then WE UhtUh’d...Uhtd4 = Uhuhd.. . lJhd4, so 
W6 UhX. It follows that [ W, t] < [IX, t] and I [ W, t] 1 d 2. Hence 
I[ W, d] 1 < 4, and hence [ W, d] = 1. It follows that Uh = Uhd is centralized 
by (t, Shd) = H. Thus l’= U, and [I’, H] = 1. 
(1.4) COROLLARY. Let H be a group satisfying H/O,(H) ‘v A,, and let 
SE Syl,(H). Let W6 O,(H) be a normal subgroup of H. Assume that S 
operates on an elementary abelian subgroup U< W satisfying (U”) = W. 
Let iE H/O,(H) be an involution and define X= ( Uh 1 (t, S”) = H). If 
1 [X, t]l d 2, then [ W, 02(H)] = 1. 
Proof Apply (1.3) to the factors of the series W>, [W, O,(H)] > 
C W, O,(H), O,(H)1 . . . 
(1.5) Let H = A,. Assume V is an H-module involving a natural 
module (resp. the permutation module) as a unique noncentral chief actor. 
Then I/= U + C,(H), where U is a natural H-module (resp. the permuta- 
tion module). 
Proof: If V involves a natural module, the proof here is precisely as in 
[ 1, Lemma (8.2), p. 7201. So assume that V involves the permutation 
module. It is easily verified that we may assume that C,(H) is one dimen- 
sional, and P:= V/C,(H) is the permutation module. Let VE P with 
C,(V) E A,. Then [u, C,(V)] 6 C,,(H), and thus, C,(u) = C,(V) 1: A,. It 
follows that I/ is the seven dimensional permutation module for H and we 
are done. 
For the next result see [S]. 
(1.6) Pushing up: Let M be a finite group SE Syl,(M), 
Z= (Q,(Z(S))“), and suppose Z< C,(Z) < O,(M). Assume further that 
no characteristic subgroup of S is normal in M. Then we have: If 
M/O,(M)= S, or A,, then [O’(M), O,(M)] is the natural module for 
WO,(W. 
2. THE CASE G,/Q, N A, 
Subcase 1. [Z,, Z,,] # 1. 
(2.1) We have: 
(1) b-0(2). 
(2) IZ, : Z, n Q,,l = /Z,. : Z,, n Q,I = 4. 
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(3) c,(za)=e,~ 
(4) [Z,, Z,,] # 1, for any critical pair (A, I.‘), with Gj,/QL =A,. 
(5) C-L, .%I 4 G,nG,j. 
(6) Z, involves a natural module as a unique noncentral chief actor 
for WQ,. 
Proof: Assume G,,/Q,, ‘v S,, then IZ, : Z, A Q,,i = 2, and thus Z,, 
induces transvections on Z,, contradicting (1.2.1) this proves (1). Part (2) 
follows precisely for the same reason. Part (3) is a consequence of ( 1.1.3) 
and (4) is a consequence of (3). Part (5) is obvious, and (6) follows from 
(2) and (1.2.3). 
The proof of the next lemma was suggested to me by U. Meierfranken- 
feld. 
(2.2) h>2. 
ProoJ Assume b = 2. Set E, = C&L,), and Z,= [Z,, G,]. By (2.1.6) 
and (1.5) Z, is a natural module for GJQ,. Now Q,n Q,<Z,Q,,, and 
hence [Q, n Q,, Z,,] < Z,. Since by (1.2.1) Z,, does not induce transvec- 
tions on Q,.Z,, we have [Q,, O’(G,)] = 2,. Now it is readily verified that 
the inverse image, @, in Q, of the Frattini group @(Q,/E,), satisfies 
@n Z, = 1, and hence Q, 6 E,. It follows that Q,/E, is elementary abelian, 
and hence by (1.5) Q, = E,Z,. Consider now Z,,Q,/E,. Since Z, does not 
induce transvections on Z,,, and Z,, does not induce transvections on Z,, 
it follows that Z, u Z,. are the involutions in Z,, Q,/E,. It follows that 
Z, 6 Z,.E,, where (6) = d(b)\ {cr, cr’). Hence we have [Z,, Z,.] = 
[Z,, Z,,] 6 [Z,,E,, Z,,] = [Z,,, E,] 6 E,, a contradiction. 
(2.3) Q, s Q,. 
Proof: Assume Q, d Qp. Choose a-lad with (Q,+,,Z,,)=G,. 
Assume that I’-,<Q,,-,, then V,~,dQ,,~,~Q,,_,~G,.. Thus 
Cv,~l,z,,1~CZ,Q121,Zail~Vrr--l. Hence Vrp,~(Gor..lnG,,Z,.)= 
G,, contradicting (1.1.6). Choose cc-2~d(cc-- 1) with Z,-, Q Ql,-2. 
Consider R, = [Z, _ 2, Z,, _ 2]. It is normalized by ( Ql ~, , Z,. ) = G,, and 
by (2.1.5), R,,aG,+,nG,-,. So R,,a(G,.,nG,+,, G,__,nG,)= 
G =-i, contradicting (1.1.6). 
(2.4) Z, < Z(C,). 
ProoJ: Assume that Z, 4 Z(G,). Suppose Z,Z, a G,. Choose 
x E Q,\Q,, and set R, = [Z,Z,, x]. Then R, = [Z,Z,, Q,]. So 
R, = [Z,, Q,]. We have R, a G,, R, 6 Z,, and hence R, is centralized by
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Q, and by Q,, for 6 Ed. Thus R,QZ(G,). Since Z,= [Z,, L,] is the 
natural module for G,/Q,, the above implies that L, n G, < Q,. Set 
L = L,QB. Then Q, E Syl,(L), and L satisfies the assumptions of (1.6). 
By (2.2), V,-, < Q, and hence, [V+ , , L,] 6 Z,, so V, , 4 G,, contra- 
dicting (1.1.6). 
Choose now a - 1 E d(a), such that (G, _ , n G,, Z,.) = G,. Assume first 
that Z,- , 6 Q,,-,. If Z, 2 < Qa’-2, for some 2 -2~d(a - I), then 
[ZaP2,Za,P2] is normalized by (G,~2nG,~,,Z,.~,)=G,~,. Thus 
t-Za-2, -C-,1 4 (G,- 1 nG,, -G> =G,, so by (1.1.6), [Z,. 2, .&-,I 
= 1, a contradiction to (2.1.4). Hence for a-2~d(a- l), Zzm~,<Q,, m2, 
so CZ,~2,Z,,~,ldCZ,~,,Z,,~,]~Z,-,. Hence ZaPZZz-,uGaP,, so 
Z I-lZauG,P,, so Z,Z,aG/,, so Z,Z,=Z,Z,+,<Q,,, a contra- 
diction. 
Assume next that Z l-,IQe,,p,, then Z,+,<Z,Q,., so [Zxp,,Z,,]6 
Z,, and hence Z, , Z, 4 G,. This contradicts the first paragraph of the 
proof. 
(2.5) Notation. For AE~’ we set Y, = r)dtd,j,J Z .
(2.6) Let AE/?‘, and let 6,,6,~d(i). Then Yj,=Z,,nZz,,. 
ProoJ: The proof is straightforward and we omit it. 
(2.7) The case GJQ, N A,, [Z,, Z,,] # 1 does not occur. 
ProoJ We start with: 
(1) Z(G,) = 1, and Z, is the natural module for GE/Q,. 
The first assertion of (1) follows from (2.4) and (1.1.4). The second asser- 
tions follow now immediately from (2.1.6) and (1.5). 
Next we claim: 
(2) IZ,l = 2. 
This follows immediately from (1 ), and the action of GE/Q? on Z,. 
We show now that there exists CL- 1 Ed, and ~-2~d(cc- l), such 
that Zslm2nQcl,= 1, this is an immediate contradiction since if Z, -* < 
QorrP2, then Z,-,n Qa,# 1, while if Z,-, $ QXPP2, then [ZI-2, ZEflP2] <
Q,, (b>2). 
First note that as Z,. d Q, n Q,,,, it follows that there exists 
c(- led(~) and oc-2~d(cr- l)\{ } c( such that (Q,_,nQMp,,Z,.Q,)= 
G,. Next we claim that Z,- z n Q,, < Z,. Indeed set R, = Z, ~ 2 n Q,,, and 
L = ( Q, ~ z n Q, ~ , , Z,, ). We claim that: 
(*I LnG,-, d Q,-,. 
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Assume first hat (*) holds. Then L is transitive on d(cr - 1) and L 
centralizes RO < 2, _ z. Thus R, < Z,. It follows that R,, is centralized by 
(L,Qol>=G,,soby(l),R,=l. 
It remains to show (*). We first note that: 
(3) L,nG,-, % Q,-,. 
Indeed assume that L,nG,_,<Q,+,. Set Lo=L,Qzel. Then Qorele 
Syl,(LO), and hence by (1.1.6) L, satisfies the hypotheses of (1.6). It 
follows that [V,- , , L,] d Z,, so V,- I 4 G,, contradicting (1.1.6). 
Next we note that by the choice of LX- 1 and a-2, L/O,(L) N A,. 
Assume Q,_, n Q,- i E Syl,(L). Then if C is a characteristic subgroup of 
Ql-,nQ,p, which is normal in L, then since QorpznQI-,eQz+l, 
CQQ~-,, so CQ <Q,-,,L)3L,, and Ca(Q,_,, L,nG,+,). By (3) 
(Q,_,,L,nG,_,) is transitive on d(a-1) and CaL so as L is 
transitive on d(a), (1.1.6) implies that C= 1. Next set S= L n G,_ ,. Then 
SE Syl,(L). Assume S > Q, ~ 1 n Q, ~ *. Let C be a characteristic subgroup 
of S which is normal in L. Then IQ,- 1 : NQT- ,( C)l < 2, and since 
(No,-,(C), L) has index 64 in G,, (N,+,(C), L)>L,, so C is nor- 
malized by L,. Further since ISQ, ~ 2 : SJ < 2, C is normalized by Qz ._ 2. It 
follows that C is normalized by ( QXp2, L, n G,- 1 ), and again C = 1. 
As V zpl<Oz(L) (1.6) implies that [V,_,,O’(L)]~Z,fV,_,, and 
V,_ ,d G,, a contradiction. This completes the proof of (*), and the proof 
of (2.7) is complete. 
Subcase 2. [Z,, Z,,] = 1. 
(2.8) (1) b is odd. 
6’) Z, G -W,). 
(3) Q, S Q,. 
(4) Z, is either a natural or the permutation module for G,/Q,. 
ProoJ Part (1) follows from (1.1.3) and (1.1.5), and (2) follows from 
(1.1.5). For (3) observe that Z=<Q,,_,, but Z, $ Q,,. Next observe that 
for Co + 1 E d(~r’), IZ,, +i : Z,. + i n Q,l < 8, and Z,, + , n QSI is centralized by
L = (ear+ 1, Z, >. If Q,,, i E Syl,(L), then L = (Qz:;, ), and L -a G,,, 
further L satisfies the assumptions of (1.6), so U= [02(L), O,(L)] is the 
natural module for L/O,(L), but Z,. n U# 1, a contradiction. We deduce 
that LnG,,., % Qrrrfl, so some element in L n G,,, I induces a 
j-transvection Z,. + 1, for j< 3. Hence as Z(G,) = 1, (4) follows from 
(1.2.2). 
(2.9) b< 1. 
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Proof. Assume b > 1, then by (2.8.1) b 2 3. We now need several 
lemmas before proving (2.9). We discuss two main subcases as follows: 
Case A. Z, is the permutation module. 
(2.10) 8 < / Y,( < 16. 
Proof: For CI’ + 1 E d(cc’), IZ,., 1 : Z,,+ , n QJ 6 8, and Z,. + r n QI is 
centralized by Z,. Thus by (2.6) 1 Y,,( = 1 Y,l b 8. Hence since Y,. is 
centralized by L = ( Qol, + , , Z,), and since as before L n G,. + , 5 Q,. + , , 
we get an element in G,. n G,., ,\Q%, + , , centralizing Y,,. It follows that if 
/ Y,.\ > 16, we again get a contradiction via (1.2.1). This completes the 
proof of (2.10). 
Case Al. IY,l = 16. 
(2.11) Let i, 6e/IG, and assume that d(& 6) = b- 1, and that 
Vi G Qa+l, for some 6 + 1 E d(6). Then: 
(a) IV;.: V;.nQ,l=2, and II’,: I/,nQ6+,1=4. 
(b) I’, g Qs+, for any 6+ lid. 
(c) ForanyJ-lEd(A),Z;-, % Q,,and JZ,.,:Z;-,nQ,+,l=4, 
for any 6+ 1 ~d(fi)\{6- lf. 
(d) (a), (b), and (c) hold for 1 in place of 6, and 6, in place of J. 
ProoJ: I’, centralizes Y,, and hence by (1.2.3) ( VA n Q6 : Vi n Qd+ , ( 
d 2. Note now that Z6 + , 4 Qj, ,, for some A - 1 E d(J), else Zg+, would 
be centralized by V;,, which is impossible. Now if 1 V, : V, n Q, + I( < 2, 
then IZ;. _i : Z, ~, n Q,, ij d 2, and then either Z,, , induces transvections 
on zj.-l, or I Y,\ > 32; in either case we get a contradiction. Thus 
IV/;. : V, n Q6+ I1 24. NOW (a) and (b) are an easy consequence of the 
defmitions. To prove (c), note that we saw that Z, + , 6 Q, 1, for some 
i, - 1 Ed. Thus Vh $ Q,- ,, and by symmetry (a) and (b) hold for A in 
place of S, and 6 in place of 2. Hence for some 6 + 1 E d(6), Zd + , $ Qi, 
and in particular Z,, i & Qj, r, for any A- 1 E d(A)\ (,?.+ 11. Thus as 
abovewemusthaveIZ,_,:Z,_,nQ,+,l=4.IfZj,_,~Qe,,thenweare 
done, else Z,- r d QB, and then by (a), IZnp,:ZA--InQ,+,l=2, 
imposible. This proves (c) Part (d) follows by symmetry. 
(2.12) Choose x-led(a) such that (G,nG,-,, V,,nQB)=G, 
(observe that by (2.11) such a choice is possible). Then V, _ , 4 QIO _ *. 
Proof: Assume that I/, , < Ql, ~, Note that by (2.11) our assumption 
implies (G,nG,~1,Z,,+,nQ,)=G,,forsc’+1~d(cc’)\{a’-l}.Nextas 
V z-~<Qa,-,, V/I-I centralizes Y,. and as CGz,+,( Y,.) = (Z, n Qa.)Q,,+, 
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nQe,t<(Z,nQ,,)Q,,+l. We thus have that [I/,-, Z,., , n Qp] 6 
~klZas+lnQ,][(Z nQ )Qol,+,,ZZ,+,nQp]6Z,6V,...,. Thus V,-, 
is rk-ma1 in (G,- , nzG,, s,., , n Q, ) = G,, a contradiction. 
(2.13) b<3. 
ProoJ Assumeb>3.Choosecc-lEd(cr)with(G,_,nG,,Z,.+,nQg) 
=G,, for cc’+ 1 Ed(cc’)\{a’- l}. Then by (2.12), I’,+, $ Qol,.-i. Hence by 
(2.11),Z,r-,nQ,~, $ Q+2,fora-2~d(a-1)\{a}.SetR,=[Z,,P,n 
Q,-,, G-J. &6 v,,-z, and hence R, is centralized by Z,, + , n Q,. 
Further it is readily verified that R, n 2, ~, # 1. Thus R, n Z, ~ 1 is 
centralized by (G,-, n G,, Z,., , n Q8) = G,, contradicting Z(G,) = 1. 
(2.14) b # 3. 
ProoJ: Assume b = 3. Note that for a’ + 1 E A(a’)\ {a’- 1 }, 
xc+ 1 n Qp)Q,/Qr 
I;,.+ 1 
is the central involution of G, n Go/Q,, since 
n Q,) centralizes Y,. Set H = (Q,, Z,,+ I). Then H is transitive on
4(/I), and H centralizes Y,. It follows that [Z,,, , n Q,, Z,] = [t, Z,.- ,I, 
where tea,- i/Q,, _, is the central involution in G, n G,. ~, /Q,, _ 1. Further 
we have [Z,,, , n Q,, Z, n Q,,] # 1, so we may conclude: 
(*) If tsQrr.-l/Qar.P, is the central involution of G6nGxjp,/Q,.-,, 
for 6 = /?, a’, respectively, then [tg, Z,. ~ ,] n [t,., Z,. _ ,] # 1. 
On the other hand if we choose a - 1 E A(a), as in (2.12), we get by (2.12) 
that V,-, $ Qa.-,, and by (2.11) that I’,-, X Q,. Thus choosing in (*) 
a - 1, a, B in place of 8, CI’ - 1, a’, respectively, we get a contradiction to 
(GxplnG,, &+lnQB)=G,. 
Case A2. (Y,I = 8. 
We start with: 
(2.15) Let i, 6 EB’, and assume that d(& 6)= b- 1, and that 
f’, 6 Qs+I, for some 6 + 1 E d(6). Then we have: 
(a) IV,: I’,nQ,l=2, and II’),: V,nQg+ll=8. 
(b) vi g Qa+, for any 6+1E4(6)\{6-1). 
(c) For any J--l~d(i)\{E.+l}, Zj.-, d QB, and IZip,nQd: 
z ;,-lnQ,+ll=4, for any 6+1~4(6)\(6-1). 
(d) (a), (b), (c) hold for 6 in place of I and 2 in place of 6. 
ProoJ To prove (a) and (b) it suffices to show that 
JV,: VAnQ,+,l=8. Assume that IVL: Vj,nQB+,I<4. Note now that 
Z, + 1 4 Q, ~, , for some 1. - 1 E A(l), else Z;, + i, would be centralized by 
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V,, which is clearly impossible. Thus we have JZ,- r : Z,- r n Qs+ , ( < 4, 
and ZA-lnQ,+I is centralized by Z6+, . As 1 Yi,l = 8, it follows by (2.6) 
that Z 6+1<Qj.. Further by (1.2.3), 1Z6+, :Z,+,nQ,-,I=2. Note now 
that Z,-, Q Q,, r, and thus either Z,- 1 induces transvections on Zg+ 1, 
or 1 Ysl 2 32, in both cases we get a contradiction. Note now that we had 
actually shown that for i, - 1, IZ,- 1 : Z,_ , n Q, + , / = 8. It easily follows 
now that IZ6+l:Z6+1 n Qj, II = 8, and then (c) follows immediately. 
Part (d) follows by symmetry. 
(2.16) Choose cc-led(a) such that (G,nGzp,, V,,nQs)=Ga 
(observe that by (2.15) such a choice is possible). Then V,-, < Qg,-, . 
Prooj The proof here is precisely as in (2.12). 
(2.17) b < 1. 
ProoJ Assume b> 1. Then b 2 3. Choose CI- 1 ELI(M), as in (2.16). 
By (2.161, J’-, 4Z Q,,-,, and by (2.15), V,-, C Qa,-2. Set R,= 
CZ1,-lnQ~~l,zl~znQ,,~,l f or a-2cd(a-l)\(u). It is readily 
verified that R, n Z,- r # 1, and R, d Z,, _ 1. Thus R, is centralized by 
(G,plnG,,Z,,+,nQB)=G,, for a’+l~d(a’)\{a’-l}, contradicting 
Z(G,) = 1. 
Case B. Z, is the natural module. 
(2.18) b < 3. 
ProojI Assume b > 3. The proof consists of several steps as follows: 
(1) for L= (Q,“io we have LnG, Q Q,. 
Assume L n G, d Qz, then L satisfies the hypotheses of (1.6), so 
U = [02(L), O,(L)] is the natural module for L/O,(L) N S3, but Z, < U, 
a contradiction. 
(2) Zz’+1 n Q, g Q,, for a’+ 1 ~d(a’)\{a’- l}. 
Assume Z,. + , nQ,GQ,. Set L= <Qxs+,, Z,>. BY Cl), LnG,.+, < Q,,+l, 
and L centralizes Z,. + I n Q,. Since IZ,,, , : Z,,+ 1 n Q,l d 2, we get a 
contradiction. 
This follows immediately from (2). Set R, = [Z, n Q,,, Z,. + 1]. 
(4) R,= Y,,, 1 Y,.I =4, and R,< V,. 
Clearly (R,,l = 4 and R, d V,, so it remains to show that R, = Y,.. We have 
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that Ro<Z,,+,, and R,, is centralized by Z,; hence by (2.6), RO < Y,,, and 
then R,= Y,,. 
(5) -&+I fi Qp 
Assume that Z,, + i 6 Qa. Then since Z,, + I operates quadratically on Z,, 
ICZor,&+,II=4. But~,=CZ,~Q,~,~,~+,l~C~,,Z,~+,l and lRol=4. 
Hence we get [Z,, Z,, + , ] = R, < Z,, + , , so Z,. + 1 4 G,, , a contradiction. 
(6) Y,. # Y,p 
Assume Y, = Y,, = R,. Then R, = Y, 6 Z, n Q,,, so Z, n Q,, is normalized 
by-G+,; thus by (5), 1 YPl = 8, impossible. 
(7) W, % QL2. 
Otherwise by (4), W, < C,%.-,( Y,.), and W, 6 G,,. Hence W,< 
z,(WanQ,r) and then C~,,~,~+~l~C~,,~,~+,lC~,~Ql~,~,~+ll~ 
VP R, < V, W,, and W, 4 G,, a contradiction. 
(8) Y,. = YE,-,. 
Y&2 = cz,.-, (WxnQlsp2)= Y,,. 
We can now get the final contradiction. Iterating the above steps with 
CI - 2, a’ - 2 in place of a, a’, for suitable choice of a - 2 E Ac2’(a) (namely 
such that Z, ~ 2 $ Q,! _ 2), we obtain Y,, ~ 4 = Y,, _ 2, and proceeding in the 
above manner we get: Y,. = Y,, _ 2 = Y,, ~ 4 = . . . = YP. This contradicts (6). 
The proof of (2.18) is complete. 
(2.19) b # 3. 
Proof Assume b = 3. Note first hat the proof of (l)-(5) of (2.18) relied 
only on the fact that b > 1. Hence we have: 
(1) The assertions of (1 t(5) of (2.18) hold here too. 
We thus have Z=,+r n Q, g Q,, for a’ + 1 E A(a’)\{a’ - l}, 
ZsrnQas 6 Qa8+,, and I Y,l = 4. Further we have [Z, n Q,,, Z,,, ,] = Y,., 
CZd + I n QB, Z,] = Ya, and [Z, n Q,., Za.+i n QP] # 1, and hence 
Y,. n YD # 1. It follows that: 
(2) Ifa-lEA(a)satisf Y,_,nYp=l, then V,+,<Q,. 
We use now the same argument that appears in [4, Lemma (4.3) (6), 
p. 1051, to find a vertex a - 1 E A(a) such that Y,_, n Y, = 1 and 
V,- I $ Q,. This will be an immediate contradiction to (2). 
For 6 E /IG, set Q: = C,,( Y,). Note that: 
(3) Y, is the unique two dimensional submodule of Z, normalized 
by G, n G,. The module structure of Z, implies that: 
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(4) W,, Q;l= Y,. 
Furthermore using (3) it is easily verified that we can choose ix - 1 E d(cc) 
such that Y,--, nYP=1and(G,..,nG,,G,nGg)=G,.Notethatby(2) 
we have V .-,<Q,. By (1) we have that VPdQ,+,.Note that V,+,<Qg* 
and V,<Qzp,. Hence by (4) we have [VIP,, VP]< Yzeln Y,=l. Note 
further that C, < QztZ < G,., and C, n Q,, < Qz,. Thus [C,, V,,] d 
[Z,, V,,][C,n Q,,, V,,] = [Z,, V,,] Y,. 6 V,{. We have shown: 
(5) cc,, Vdl G V,P 
Let d be an element of order 3 in (Q,, V,.). Then by (5) we have: 
(6) C, = C,,jd) V, and hence C’b = C,,,(d)‘. 
Let 52={V,Ip~A(a) and [VI’, Vfi]=l}. Set @R=(V,IV,~i2). Note 
that by (6): 
(7) [Vap,, V,]<C,,(d), for every V,,ES~. 
Choose now V,, E Sz, and set w = [ Vsp,, VP] and assume that iT # 1. 
Assume first hat V, < QolP,. As a - 1 E /IG, (4) implies that i? d Y,- 1. As 
Y a-l n Y,= 1, we have that IRYpI > 8. But by (7) i? is centralized by d. 
Furthermore i? YP d Z, and d acts transitively on d(j). This implies that 
i? f Ya, contradicting 1 Y,I = 4. 
Assume next that V, 4 Q, , . Then using (1) we get that 1? > Y, ~ I. We 
get a contradiction as in the previous paragraph of the proof. 
Wehaveshownthat~={V,,/~LE(a)and[V,,V,.,]=l}.Hence~‘, 
is normalized by (G, ~, n G,, G, n G,) = G,. Note now that mU < C,, 
and hence by (5), PM is normalized by (Q,, If,,). But (Qa, V,,) acts 
transitively on d(p). This contradicts (1.1.6). The proof of (2.19) is 
complete. 
~roofof(2.9). The assertion of (2.9) follows from (2.13), (2.14), (2.17) 
(2.18), and (2.19). 
3. THE CASE G,/Q, N S, 
Subcase 1. IZ,, Z,,] # 1 
Here we know already (see (2.1.1)) that bEO(2). 
(3.1) b=2. 
Proof Assume that b > 2. We need now several emmas before proving 
(3.1): 
(3.2) Z,-, d Z(G,- 1). 
RANK 2 AMALGAMS 307 
Proof: Assume 2,-i 6 Z(G,-i). If Z,-, 4 Qarsl, then by (1.1.5) 
[Zael, Z,8-1] # 1, impossible by (2.7). If Z,-i 6 Q,,-,, then Z,+, n Q,, 
is centralized by (Q, _ i, Z,.) = L. If Ql _ i E Syl,(L), then L satisfies the 
assumptions of (1.6), so by (1.6), [V,, O’(L)] <Zz,, hence Vg-uG,, a 
contradiction. Hence there is an element in G,_ ,\Q%. L which either 
centralizes or induces a transvection on Z, _ , , impossible. 
(3.3) (1) Z(G,)= 1. 
(2) KI = 4. 
(3) IZ,I = 2. 
(4) cz,, &I = z,. 
(5) QB < Qa. 
ProoJ Part (1) follows from (1.1.4). Part (2) follows immediately from 
(1). For (3) observe that Z, d Z,, but Z, # Z,. For (4) note that [Z,, Z,,] 
is centralized by Z,,Q, = G, n G,. Part (5) is obvious since Z,, <Q,, but 
z,, < Qx. 
(3.4) c v,,z,W = Q,. 
ProoJ: [Z,, Q,] is normal in G, n G, and has order 2 (note Qs $ Qy), 
thus [Z,, Q,J = Z,. So Z, = CZzB, Q,l = [VP, Qsl. Next if Cyb,Z,(G& >
Q,, then C,,,,,(G,I) = GO, and then Z, a G,, a contradiction. 
(3.5) Notation. Here we denote Y, = ndEd(aj I’,. 
(3.6) Y,= Va,n Vbz for any pair of vertices 6,, 6,~d(a). 
Proof: This follows immediately from (3.4). 
Proofof(3.1). Case 1. If,-, 6 Q?,-,. 
In this case we have .Z,-, 4 Ql,_*, for some cl-2~d(c- 1). By (3.3.4) 
[Za+2,Zz.--2]=Z1-,, and thusZ,.~, iscentralized by (G,_,nG,,Z,9) 
= G,, a contradiction. 
We have [VU-, , Z,,] < [Z,Q,,, Z,,] d I’,_, and V, _ , is normalized 
by (G,_ 1 n G,, Z,.) = G,, a contradiction. 
Case 3. C/,-,dG,s-1, but V,p, $ Q,,_,. 
Consider V,- , n Q*,-, It is normalized by L = (Q,- I, Z,.). If 
Q,- 1 E Syl,(L), then L satisfies the assumptions of (1.6), and hence 
c ff,, ~‘Wl d z,, and hence VP a G,, a contradiction. Thus by (3.6) 
V,-,nQ,._,< Y,. Now if IV,_ 1 : VU-, nQp,.-il =2, then IV,.-, : Y,,-2j 
= 2, and as V, _ i centralizes Y,. ~ 2, we see that I’, _, induces transvections 
on V,, ~ ,/Z,. ~i, a contradiction. Itfollows that 1 V,_ I : V, , n Qa, 1 1 = 
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IV,S-1 : YE.-,1 =4, and thus 8,+,, is a natural module for L, _ I /O,( L, ~, ). 
Now (3.3.3) to gether with (1.5) implies: I[ I’-,, V,,-,]l 68. Note now 
that Vaz--lnQ,-, centralizes I’+,, else we get [Vaplr Vx~~,nQ~~,]= 
Z a _ i, and again Z,- i is in the center of G,, impossible. Thus 
1 V,,-, : I’,#-, n Q,- ,I 3 4, and I’,,-, n Q, E Q+,. Let now 
Ro=[V,~-,nQ,,Va-l]. We have l&1=2,4 or 8. If IR,J=2, then 
V,, _, n Q, induces transvections on V,- , , impossible. If IR,, = 8, then 
V,-l>Ro=[V,p,, Vat--l], so Vs-lu(G,+,nG,, VxCp,)=G,, a 
contradiction. 
Thus JR,1 = 4. Assume that R, B Z,,- 1; then it is easy to check that as 
/VU-i: Va-,nQ,.p,j=4, there will be an involution teV,p,\V,p,n 
Q,,- 13 satisfying [IV,._, n Q,, t] <Z,.- 1, and hence t acts as a trans- 
vection on V,. ~ ,/Z,, ~, , a contradiction. Now by (3.3.4), [Z,, Z,,] = 
Z,.-,.Hence V,_,>R,Z,,-,=[V,-,, V,,_,],andasbeforewegetthat 
V,- i 4 G,, a contradiction. This completes the proof of (3.1). 
Subcase 2. [Z,, Z,,] = 1. 
(3.7) (1) b is odd. 
6’) Z, d Z(G,). 
P~oo$ Part (1) follows from (1.1.3), and (1.1.5). Then (2) is immediate. 
(3.8) Qp E Qs 
Proof. Assume Q, 6 Qa. Then I’, < Z(Qp), and hence V,. < Z(Q,,). But 
I I/,, :I’,. n Q,I 6 8, and I’,. n Q, is centralized by Z,. Now (1.2.2) implies 
that I’,, involves either a natural module or the permutation module as a 
unique noncentral chief factor. By (1.5) U = [I’,,, G,,] is either a natural 
or the permutation module, but Z,, n U# 1, a contradiction. 
(3.9) (1) z,=z,-,xz,. 
(2) Cx,-CJ=Za, for xEG,nGGg\Q, 
Proof. First observe that Z,-,nZp<Z((QX_,,Q,,Q,))=Z(Ga)=l. 
Next for x E G, n Go\ Q,, x acts as an involution on Z,, and hence 
cx, Z,l G z,. Hence C-Z,, Q,] <Z, and [Z,, Q,-i]<Z,-,; hence 
Z a ~, Z, is normalized by Q, _ I and Q,, and clearly Z, _ , Z, is normalized 
by Ql. Thus Z,..,Z,a(Ql~l,Ql,Q,)=G,. This proves (1). For (2) 
observe that x acts as an involution on Z,, and C,=(x)=ZB. 
(3.10) G,,,(G,)=Qp. 
Proof. By (3.9.2) [Z,, Qs] = Q,] = Z,, so [Zzfl, Q,] = Z, = 
CV,, Q,l. Now if C,,,,,(G,) > Q,, then C,,,,,(G,) = G,, and then 
Z, 4 G,, a contradiction. 
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(3.11) v,s % Q,. 
Proof: Assume V,. < Q,, then V,, 6 QO, or 1 V,, : V,. n Qll = 2. In the 
first case we get that V,, is centralized by Z,. But Z, 6 Qr,; this 
contradicts (3.10). In the second case we get that involutions in Z, act as 
transvections on V,,/Z,. ,contradicting ( 1.2.1). 
(3.12) b> 1 
Proof Assume b = 1, then V, contains an element d of order 3, and by 
(3.10), [VP, Q,] < Z,. It follows that [d, QB] = 1, but G, is a-constrained, 
a contradiction. 
The next three lemmas are technical emmas which we use later: 
(3.13) (1) L,Q,=G,. 
(2) Assume 6~d(/?) satisfies (G,nGG,, V,,)=G,. Then (es, V,,) 
=G,. 
Proof: Set L = LpQrr. If L # G,, then Q, E Syl,(L), and hence L satisfies 
the hypothees of (1.6). It follows that U= [O’(L), O,(L)] is the natural 
module for L/O,(L), but Zpn U # 1, a contradiction. Part (2) follows 
immediately from (1). 
(3.14) For{~,1,}={cc’,~}if~V,:V,nQ,,J=2,orif~V,:V~nQ,,J= 
( V,, : V,, n QiJ = 4, and vA is the permutation module, then [IV;, n Qj.,, V,,] 
= Z,,, and in particular Z,, 6 V,. 
ProoJ This follows easily from (1.2.1), (1.2.3), and (3.9.2). 
(3.15) Assume there exists an involution tE (G, n G,+,)\Q, such that 
for X= (IV,/ 6~d(/?), (Q,, t) = G,) we have I[X, t] V,/V,l<2. Then 
bd3. 
Proof Assume b > 3. Then IV, is elementary abelian. We now use (1.4). 
Set H=G,/V,, W= W,/V,, and U= W,/V,, for i?~A(b) satisfying 
(Q,, t ) = G,. Then in the notation of ( 1.4), the assumptions of (1.4) are 
satisfied for H, W, U, and t, so by (1.4), [Wp, L,] 6 VP. Hence W, -3 G,, 
a contradiction. 
(3.16) (1) Let 2 EB’. Then Vj. is either a natural or the permutation 
module for G,/Qi.. 
(2) Z,nDI,=Zg, and in particular if vp is a natural module, then 
IZ,J = lZ,12 = 4. 
Proof: Choose CI’ + 1 E A(a’) such that Z,,, i $ Q,. Let t E Z,,, ,\Q,. 
481!13?2-4 
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Then t centralizes V, n Q,, + , , and hence I[ P,, t] 1 d 8, so ( 1) follows from 
(1.2.2). For the first part of (2) note that by (3.13.1) there exist 
XE LBn G,\Q., and as we saw already C,%(x) = Z,. The second part of 
(2) follows immediately from the module structure of 8,. 
(3.17) h > 3. 
Proof: Assume h = 3. Suppose V,/D,] is a natural module. 
(1) I V,I = 32 and I V, n V,,l = 8. 
First note that [VP, V,,] d V, n V,,, and since V,j does not induce trans- 
v&ions on V,./Z,., we have V, n V,, # Z, + 2. Now [ VD n V,,, Qct + J f 1, 
else we get that IS;Z,(Z(G, n G,+,))l > 2. It follows that Za+* d 
CVD n V,,, Q,,,] d [VP, G,], and hence VP= [I/,, Gal, and by (1.5) 
I V,I = 32. If I V, n V,,l = 16, then V,j induces transvections on V,,. This 
completes the proof of (1). 
(2) Qa,/C,, is the dual of V,,/Z,., for G,,/Q,, 
This can be readily verified and we omit the details, 
(3) cc,,, L,,] < v,.. 
Since Z,,24 V,,, CR,6 Q2+2, and I CC,,, V,llC V,,, VBll d 2, now (3) 
follows as V, does not induce transvections in C,./V,.. 
(4) /V,,nQzrI=16, and V,nQ,, $ C,.. 
Let W<VDwith (WI=16, W>VpnV,.,and [W,GI,nG,+,]dVI,nV,.. 
Then [ W, Q,, n Ql+ 2] < V, n V,. and if W 4 Q,,, then W induces trans- 
vections in Q,,/C,., contradicting (2). Hence W d Q,,, and the first part of 
(4) is proved. The second part follows since V,. does not induce trans- 
vections on Vfl. 
Set now V= ((V,nQE,) ‘o+~). Then as VgnQeaf aGBn G1+2, it follows 
that V = ( V,j n Q,,)( V,, n Q,)( V, n Q,,)“, for some x E Q,,, and hence 
1 VI < 26. Set now Q = ( VGg’) and U= [V, Q,,] V,.. Since [V, Qlj] < 
C,, n V, we have 1 U : V,,I < 2. Note further that by (3), U 4 G,,. We have 
shown: 
(5) U-G,,, and IU: V,,l 62. 
Now if Q<Q.+2, then [Q, Vltl d VP n Q,,, and VP induces transvections 
on Q/C,( V,.), impossible; hence 
(6) Q 6 Qa+z 
Assume first hat U= I’,,. Then it follows that V = (VP n Q,,)( V,, n Qp). 
Hence I VI = 32. Then using (2) and (3) we find an element dE G,, of order 
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3, such that d normalizes V, d centralizes 2, + *, and d does not centralize 
VZX,Z~ Also if d, E Ga+2 is of order 3, then d, does not centralize both 
Z @+ *, and V/Z,+z. We note now that as d centralizes Z1+2 and d, 
normalizes but does not centralize ZltZ, the image of (d, d, ) in 
NJ V)/C,( V) has order 9. Furthermore, a moment of thought about 
the action of d and d, on V yields that the image of (d, d, ) in 
NJ V/Z,+,)/C,( V/Z,+,) has order 9. It follows that NJ V/Z,+,)/ 
C,( V/Z, + 2) < L,(2), and has order divisible by 9, a contradiction. 
Assume next that U# V,.. Then 1 VU/Ul = 2, and since VP does not 
induce transvections on Q/U, [Q n Q, + *, VP] U = VU. It follows that 
[Q/U, G,,] = Q/U, and hence IQ/U1 = 16. But then Q/V%, is elementary 
abelian and [V, Q] d V,.. Now (6) implies [V, Q,,] < V,., contradicting 
U# I/,.. 
Suppose next that VP/DB is the permutation module. 
(7) IVfi: V/,nQ,J=lV,,: V,,nQ,l=2. 
If not then we may assume that 1 VP : VP n Q,,l = 4. But then since 
[QP, VP] = Z, 6 QZj, the structure of the Sylow 2 subgroup of A, implies 
QgnQ,+2<VpQ,fTthen [QbnQ,+2, Vxsl~CVpQaf, V,sl~CVpT V,~l.G 
d v,; thus, since V,. does not induce transvections in QP/VP, we 
conclude that [Q,, LPI < VP. It follows that Q, n Q1+Z Q G,. But then 
[V,. n QP, Va] = 1, contradicting (3.14) 
NOW [V,,, VP n Q,,] = Z,,, and the module structure of VP, together 
with (3.16.2) imply: 
(8) IZ,,( = 2. 
We have Z I+z 6 [VP, Vzs] < [VP, Gp], and it follows that VP 6 [VP, G,], 
so by (1.5): 
(9) I V,l = 27. 
It follows that: 
(10) Q,/C, is the dual of VP/Zp, for Gp/Qa. 
Now [VP n Q,,, V,, n Q,] <Z, n Z,, = 1; also there exists M’ + 1 E d(cr’) 
with Z,. + i $ Q,, hence V,, = (V,, n QP) Z,, + i, and VB n Q,, n Q,, + 1 cen- 
tralizes V,,. It follows that: 
(11) (V,nC,fl=25. 
Note now that C,. 6 Q, + *, and CC,., V,] is centralized by V,,. It follows 
that 1 CC,,, VP] : [ V,, , VP] 1 = 2, and since V, does not induce transvections 
in C,./V,(, we have: 
(12) cc,,, L.1 d v,.. 
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Next we oberve that (12) implies that (vfln C,,) I’,, Q G,,. Set 
Q = ((V, n Qas)Gr’). Then Q $ C,,, and as in the proof of (12) it is readily 
verified that: 
(13) Q < Qa+2. 
But [Q, (VP n C,.) I’,,] < Z-u,, and in particular [Q, (V, n C,,)] < Z,, < 
VgnCaS. Let now XEQ\Q~+,<G,+,\Q,+,. Then VPnCa.=(VpnCuS)X 
= Vp,n C,.. It follows that: VP n C,, = V, n I’,: n C,, = Ylf2 n C,, (see 
(3.6)) = VP n I/,, n C,, = Vfl n V,.. We conclude that: 
(14) VBnC,.= V,n V,.. 
Now if lQazn Qz+2 : Q,, n Qpl = 8, then VatQalQp is the central involution 
in (Qlf n Qa+2)Qa/Qa, and [Q,, n Q,+2, V, n V,,] <Z,,. The module 
structure of VB together with (8), (ll), and (14) supplies a contradiction. 
Hence, IQU, : Q,, n Q,l d 8, and [Q,, n Qa, V,. n VP] = 1; this contradicts 
(ll), (14), and (10). 
The next lemma is a technical result we require later: 
(3.18) If VP is a natural module then ( V,s/V,. n Q,l = IV/B/VBn Q,,\. 
Proof We may assume without loss that I V,./V,, n QJl = 4, while 
I VP/V, n Qr.[ = 2. By considering the action of I’,, on Va we easily 
conclude that Cr,& V,,) = CVP(x), for each XE V,.\Qs. Thus to get a 
contradiction, it suffices to show that for every YE V,n Qa, we have: 
C,(-v)\Qs # 0, since this would imply V, n QX, is centralized by I’,,, and 
thus V,. induces transvections on PP. But [ I’,., V, A Qa,] = Z,,, and hence 
for each YE VanQ,., C,(y) has codim at most 1 in V,,. As 
( V,,/V,, n Qpl = 4, we are done. 
The next lemma is a technical emma which we require twice in the 
following. Its proof appears in [4 Lemma (3.5)(6), p. 961, in a slightly 
different context: 
(3.19) Let /?, E PG. Let (pi, i,, 6) be an arc of length 2. Set L = L,, and 
Q = [Q,,, L]. Let E < QP, be an elementary abelian subgroup. Assume 
that: 
(a) VP, is a natural module for G,,/QP, .
(b) EaGp,. 
(c) Va,<E. 
Cd) CE, Ll G V,,. 
Then we have: 
6) Q S Qj: 
(ii) V,nE< V,n VD,. 
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ProoJ To prove (i), note first hat [Q, L] = Q. Assume that Q < Qj.. 
Then [Q~nQ,,,~l~Qj.nQp, and hence [V,,, Qj. n Qpl] = 1. Thus 
[VP,, Ql= 1. Thus CQp,, L, v,,l= 1. BY (3.10), CVa,, Q,,, LI = 1. The 
three subgroup lemma implies that [L, Vs,, Q8,] = 1. Now (1.5) implies 
that [L, VP,] is a natural module for GP,/Q,, But clearly, Z,, 6 [L, VP,] 
contradicting (3.2). Hence (i) is proved. 
We proceed to prove (ii). We claim that: 
(1) either /VB,nVs/=80r Vb,nV,=Z,. 
Assume that VP, n V, # Z,. Note that V,, n Va 4 Gj; It follows that 
Zj. < [ J’p, n Vs, QI1 6 [VP,, G,,l, so VP, = [VP,, Gp,I and hence I VP,1 = 25. 
This implies 1 V,, n Val = 8. 
Set B = V, n E. Since [Q, L] = Q, the three subgroup lemma together 
with assumption (d), implies that [B, Q] d V,, and [B, Q n Q,] < Bn V,,. 
Pick b E B. By ( 1) we have, 1 [bV,, , Q]/Z,,l < 8. Thus, [bVp,, Q] cannot 
contain a noncentral chief factor for L. Hence [bV,,, Q] 6 C,JL). It 
follows that [B, Q] 6 Cvp,(L). Now the three subgroup lemma implies that 
[B, Q] Q Z,, . Let t E Q \ Q, (t exists by (i)). Then t normalizes B and hence 
B = VD, n V,. . This completes the proof of (3.19). 
(3.20) b > 5. 
Proof Assume that b = 5. We wish to show that if (/?, cr’) is a critical 
pair, then, in all possible cases, there exists an involution 
tE (G,+, n G,)\Q, such that: 
(1) Ifx=(w61hE4B), (Qs,t>=G,>, then I~XtlI/lr/Vpl<2. 
This contradicts (3.15). 
Assume first that for all critical pairs (B, CI’), I VD : V, n Q,,l = 
I V,, : V,. n Qpl = 2. Then by (3.14) Z, 6 V,., and Z,. ,< V,, for all critical 
pairs (0, g’). Choose now a critical pair (p, cc’). Fix an involution 
tE V,,\Qp Let 6~d(/J) satisfy (Q,, t) =G, (see (3.13.2)). Assume 
W, S em,-,> then by the above Z,-,6 V,,_,, for some 6--lid, 
hence Z,_ 1 is centralized by ( Qa, t) = G,, a contradiction. Itfollows that 
W,<Qz,--2. 
Assume now that [W,, V,.-Jfl. Then [VgpL, V,.-,]#l, for some 
6 - 1 E d(6). We note now that I/,,-, < Qs-, , and it follows that 
[ Vap i, V,. ~ 2] = Z6 ~ i = Z,, ~ 2. We conclude that Z, _, is centralized by 
( Qs, t) = G,, a contradiction. Thus [ W,, V,. -2] = 1, and in particular 
[W,,Zxrp,]=l, and hence W,<Q,,-,. 
Now since Z,, d VP, it follows that I [ W,, V,,] : [W,, V,,] n V,l Q 2. 
Further since W, centralizes [VP, V,.], we have 1 Wfl n Q,,- , : Wfi n Q,,l 
< 4. Thus in this case (1) holds. 
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Assume next that there exists a critical pair (8, IX’) such that 
1 I’,: V,n Q,,l =4. Then as b= 5, we have that for J.~d*(cr’-2) 
1 W,.- 2 : W,.- 2 n Q,l 2 4, and further since V, acts quadratically on V,., 
W li- 2 contains an elementary abelian subgroup of order 4 not contained 
in Qi, and acting quadratically on I’,. Hence: 
(2) For any A E /IG, and jV1 EA”‘(%) we have that W, contains an 
elementary abelian subgroup of order 4 not contained in Q,,, and acting 
quadratically on V,, . 
Assume first hat VP/D, is the permutation module. Choose a critical pair 
(b, c(l). We claim that there exists an involution tE W,. ~ *\ Qp such that: 
(3) If 6~d(fl) satisfies (Qa,r)=G,, then [WgP,,Zn.--2]#1 for 
J- 1 -+v\w. 
Indeed since by (2), W,.P2Qg/Q, $ Z(G,+2nG,j/Q,) we can choose 
tE W,,-2\Qg, such that [t, Qg+2] $ Q,. Now since 6 - 1 E 8” and 
/3~4’*)(6- l), (2) implies that W,-, contains an elementary abelian 
subgroup of order 4 not contained in Q, and acting quadratically on V,. 
By the module structure of P, and by the choice of t we have: 
(* ) ( W, ~ ], r ) does not centralize a vector in PD. 
Now by (3.9.1), Z1+* =ZbxZ,,. *. Hence by (3.16.2), Z,,-, $S D,. 
Furthermore, [t,Zz.p2]=l. Hence if [W6-,,Zzz~2]=1, then 
[ ( W,-, , t), Z,,- *] = 1 contradicting (*). This completes the proof of (3). 
Fix an involution tE W,, ~ *\ Qa such that (3) holds for t. Pick a 6 E d(B) 
such that (Qa, t) = G,. Assume W, $ Q,,.. *, then there exists 6- 1 E d(6) 
such that V/a-l d Ql,P2. Now since by (3) Z,. ~ 2 4 V, _, (else 
[W,P,,Z,.P2]=1), (3.14) implies that Z6P1<Vxs-2, so Zap, is cen- 
tralized by ( Qd, t ) = G,, a contradiction. Itfollows that W, < Q,,- 2, and 
then also W, d Q,, _, , else Z, ~ 1 < Z(G,). Now by (3.14) we may assume 
that Z,. < V,, thus as in the first paragraph of the proof we get (1). 
Assume next that V,,/DP is a natural module. Assume further that: 
(**) There exists a critical pair (/I, IX’) such that for some involution 
tE W,, (Qa,-,, t) =G,,-2. 
Note next that (M) implies that Z,, Q VP; hence by (3.14) and (3.18) we 
must have I V, : V, A QaSl = I V,. : V,. n Q,i = 4. Set R = [V,, V,,], then 
RV,,-2 u (Q1+*, Q,,_.,)=G,, -2. Set E=RV,,P2. Then the hypotheses 
of (3.19) are easily verified (taking, in the notation of (3.19), fil =a’--, 
1, = CI’ - 1, and 6 = a’) and hence by (3.19), En V,. < Vxc ~. 2. In particular 
we get that R< V,,_,. We note now that as b>4, [Wxc-2, Vs,p2]=1, 
and hence W,,-,< V,,Qs. It follows that [W2.-2, Vg] < VxcP2, and 
hence, [ WzsP2, W,,-, ] d V,. ~~ *. We conclude that: 
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(4) For PI E/I’ we have [ WP,, W,,] 6 V,,. 
Further we have that R 4 .Z%+*, and it follows that [V, n VzPmm2, Q, + *] 
# 1. Hence Zaf2 d [V,, GB], so I/, = [IV,, GP], and it follows that: 
(5) / V,l = 2s. 
Choose 6 E d(b), and ;led(6), such that ( Wj., V,,) Qp= GO. Set 
R, = [ Vj., V,,P2]. Then by (4), R, < V, n V,j, and R, is centralized by 
( Wj., V,,). Assume R, # 1. If RI =Zj., then Zj. is centralized by 
(Q,, V,.) = G,, a contradiction. Else 1 R, 1 2 4, and R, Z,/Z, is centralized 
by G,], contradicting (5). 
Let ,uE~(‘)(/?) with [V,, V,,Pz] = 1. Set R2 = [I’,,, Vi]. Then by (4), 
R, ,< Vi n V,. Further V,, and V,, centralize V,,- 2, and hence V, u V,, d
Qol, _, ,< G,,. Also since W, centralize R = [ V,, V,,], W, n G,,/ W, n Q,, is 
abelian and hence R,<Q,,. Now if [R2, V,,] =Z,,, then Z,.< VP, 
which is false, hence [R2, V,,] = 1, and R, is centralized by ( W,, V,,), 
and as above we get R, = 1. We conclude that (V, j,utt 6”‘(p) and 
[V,, V,,~2]=1>=(V~~~~d(Z’(~) and [V,, Vi]=l). Set K=(VJ~E 
4’2’(fl) and [V,, VTTp2] = 1). Then K is normalized by (Q,, 2, Qs) = G,, 
this is a contradiction as [ W,, V,._ 2] # 1. Note now that the contradiction 
just obtained was obtained under hypothesis (**), and that if we would 
interchange in (**) the role of fl and a’ we would obtain a similar 
contradiction. Hence we conclude: 
(6) If (fl, c(‘) is a critical pair and TV W,,, then (QZ+2, t) #G,,-?. 
Choose now a critical pair (p, a’). Let t E V,,\Q,. Let 6 cd(B) with 
(Qs, t)=G,. Then by (6), W,<Qxcp2, and then W,<Q,,.m,<G,.. It 
follows that [W,, V,,] < [VP, Vz.]Zl.. Hence (1) holds in this case too. 
This completes the proof of (3.20). 
(3.21) P, is not the permutation module. 
Proof Assume that V,{ is the permutation module. We divide the proof 
into two cases as follows: 
Case 1. There exists a critical pair (8, ~1’) such that Z,. $ W,]. 
By (3.14) we may assume: 
(1) (VP: VbnQ,sl=4, IV,,: V,,nQ,j=2, [V,nQ,,, V,,]=l, and 
Cv,,nQ,, VP1 =Z,. 
Choose 6~d(fi) with (Qs, V,,) = G, (see (3.13.2)). Choose also 
6-- 1 cd(S). We wish to show that: 
(2) V,-, n Q,,- 1 has codim at most 2 in V6 , . 
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If 1 V’-, : V, ~, n QlcP21 < 2, this is obvious. So assume that 
IV,.- I: V,-, n Q,, .21 = 4, then by (3.14) (taking, in the notation of (3.14), 
{6-l,a’-2) in place of {/?,a’}), [V1,-2nQ4P,, V,Pl]=Z6Pl, it 
follows that Zii _, is centralized by (Q,, V,,) = G,, a contradiction. Note 
now that: 
(3) LZn v,,= nitdcl, -I)vj.. 
Now V,~,nQ,.~,~v,Q,,,andfurther [V,~,nQ,.,V,,]=l,elseZ,,6 
W,. We conclude that: [Va..,nQI,-,,V~,nQp]~Zg~V6-lnQ,, ..,. 
So I/,_ I n Q,, _ I is normalized by V,. n Q,. Observe now that V,, n Q, $ 
Q,, else Z, 6 Q,,, and then [Z,, V,,] = 1, as Z,. $ W,. But then Z, is 
centralized by (Q,, V,,) = G,j, a contradiction. Now (2) and (3) (with 
6 - 1 in place of LX’ and 6 in place of ~1’ - 1) implies that V6. 1 n V,$ has 
codim at most 2 in VD, and hence V,, n V,. ~ 2 has codim at most 2 in V,,. 
We see that V,/V, n Q,, is an elementary 4-group centralizing a subspace 
of codim at most 2 in V,., contradicting (1.2.3). 
Case 2. For all critical pairs (p, c(‘) we have Z,, 6 W,] and Z, 6 W,,. 
By (3.14) we may assume that Z,, d V,{ Fix an involution t E V,,\Q,{. 
Choose 6~d(fi) with (Q6, t) = G,. Assume first that for some 
6-lad, V,-, $ Qa,P,.ThenZ,.~,<W,,P,andinparticularZ,., is 
centralized by, (Q,, t ) = G,, a contradiction. Thus V, ~ , d Q,, ~ *, and as 
z,. d w,, v, - 1 \ < Q,, , . But now the hypotheses of (3.15) hold for t, a 
contradiction. 
(3.22) VP is not a natural module and hence the case G,/Qa E S,, 
[Z,, Z,,] = 1 do not occur. 
Proof: Assume P, is a natural module. We first show: 
(1) VXwl n V,,nDl,=Zg. 
Set V= V,- i n V,. Observe first that [V, Q,] Q Z, < Z,, for each 1 E d(a). 
SetH=(Q~~).Bytheabove[V,H]dZ,.Itfollowsthat(VnDB)Zr~G,. 
Hence also [I/n D,, Q,] 4 G,. Furthermore, [ Vn D,, Q,] <D,, and 
hence [VnDs, Q,] is normalized by L,. Now (1.1.6) implies that 
[VnDg,Q,]=l. Thus VnDg<Zz, and then VnDDg=ZB. We divide 
the proof now into two main cases as follows: 
Case 1. There exists a critical pair (b, u’) such that Z,. $ W,. 
Note that here we must have [ P’,{ n Q,,, V,,] = 1, else Z,. d W,. Thus by 
(3.18), V,,n Qr, has codim 2 in V,. Choose now 6 E d(p) with 
<es> f’,.> = G,. 
Subcase A. W, < Q,, ~ 2. Choose 6 - 1 Ed, and assume that 
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[Va-r, Vx,P2]#1. Then by (3.11) Vz,PZ<Q,-,, and hence .ZhP1= 
z 1G-2= [VsP,, V,._2]. But then ZdPl is centralized by (Q,, V,.)=G,, 
impossible. Thus W, centralizes Z,.- , , and hence, W, Q Qa,-, . Now 
we have W,< V,Q,,, and [ W,n Q,,, V,,] = 1, else Z,,< WD. Thus 
[W,, V,,] = [VP, L’,,] < V,]< Wg, and W, < (Qs, V,.) = G,, a contra- 
diction. 
Subcase B. W,gQ,sp,. Choose 6- lid, note that Z,-, $ W,*_,, 
else Z, ~ 1 would be centralized by ( Qs, V,,) = G,, impossible. Thus after 
perhaps renaming the vertices we may assume that ( WD, Q,,_. , ) = G,.~. 2. 
Further observe that we are free to choose notation so that if x E G,,- z 
satisfies ((a’ - 4)“, (CL’ - 3)“) = { a’, a’- I}, then ( Wp, (W,Jr)102(( Wp, 
(W,)‘) N A,. Set R= [VP, V,,]. Note now that RZ,. is normal in 
G oz’ ~ 1 n G,,, and [ Wfl, RZ,,] < YE.p2. Thus we get that RVmop, u 
(Qajpl, WB)=G,t-2. Set E=RV,.-,. Then the hypotheses of (3.19) are 
easily verified (taking, in the notation of (3.19) j1 = a’ - 2, A= Co - 1 and 
6 = a’) and hence by (3.19), En V,. 6 V,, . 2. In particular we get that 
Rd I/,,-,. Now (1) implies that C,(L,. _ 2) = Z,, _ *. But R is centralized 
by ( Wp, ( W,)x), a contradiction. 
Case 2. For all critical pairs (/I, a’), Z,, < Wp and Z, 6 W,, . Choose 
6~ A(/?) with (Q,, t) =G,, for some tE V,.. Assume first that 
W, < Q,,-,. Then for some 6-- 1 ~d(S)\{p}, {6-- 1, ~‘-2) is a critical 
pair and hence Z, ~, < W,. ~ *. This implies that Z, _ I is centralized by 
( Q6, t) = G,, a contradiction. Thus, W, d Ql. _ 2. 
Choose 6-lid, and assume that [Vapl, V,._,]# 1. Then by 
(3.11), V,.-,dQ,_,, and hence Z6p,=Zz.-z=[V6p,, V,,p2]. But then 
Z,&1 is centralized by (Qs, V,,) = G,, impossible. It follows that W, 
centralizes Z,, _ i, and hence, W, d Q,, _ , . 
If IV,: VonQa.l=4, then [W,, V,,]<V,Z,,. If jVfi: VpnQ,.l=2, 
then by (3.14), Z,. < V,, and it follows that in any case t satisfies the 
hypotheses of (3.15) a contradiction. 
4. THE STRUCTURE OF G, AND G, 
The results of the earlier chapters imply: 
(4.1) Either one of the following possibilities occur: 
(1) b=L GJQr=A,. and Z, is the A, permutation module. 
(2) b = 1, GM/Q, = A,, and Z, is a natural A, module. 
(3) b=2, G,IQ,=%, and VP is the A, permutation module. 
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(4.2) Assume that b = 1, and that Z, is the permutation module, then 
we have: 
(a) G,N~~.A,. 
(b) $4 
l+l+l+2+2+1 .s,. 
Proof Let c( + 2~d(fl)\{a}. The proof consists of several steps as 
follows: 
(1) Z,nQ, Q Qat2. 
Set R=Z,nQ,. Assume R6Qa+2. Then R~(G,~IG~,Z~+~)=G,~. 
Further we have [Z,, Qa] d R, and hence [Z,, 2, Qp] < R. Set 
H = (Z,, Z, +*). Then H contains a 3-element, [H, Q,] < R, and H cen- 
tralizes R. Thus [O’(H), Q,] = 1, a contradiction since G, is 2-constrained. 
(2) Ql is elementary abelian. 
We have @(Q,)<Q,, if @(Q%)# 1, then @(Q,)nZ,# 1, and then 
Z, d Qg, a contradiction. 
(3) Qcz=Z,. 
Note first that by (2.6), ZnnQ,+2<Zz+2. If IZ,nQ,+,1=16, then as 
Q, n Q, centralizes Z, n Q, + 2, it follows that Q, n Q, 6 (Z, n Q,) Q, + 2. 
Thus in any case, Q,nQ,<(Z,nQ,)Q,+,. Hence we have: 
a+2nQpT QanQe,lGza. As Za+2 
F/z 
does not induce transvections on 
we have that [L,, Q,] 6 Z,. But then the only noncentral chief 
faitor’in Q, is Z,, so (2) and (1.5) together with Z(G,) = 1 finishes the 
proof. 
Assume now that IZ,nZ,+,1=16. Then ZornZ,+,=Czz+,(Z,nQB), 
and hence CZ,nQ,~,Z1+21~Z~nZ,+2~Z,nQ,. By (2.6), Z,nQ,< 
Z a+23 contradicting ( 1). We conclude: 
(4) IZlnZ,+21 =8. 
Note now that: 
(5) Z, n Q, does not operate quadratically on Z, + 2 
else we would have [Z, n Q,, Z, + 2] = Z, n Z, + 2 d Z, n Q,. Further- 
more, the module structure of Z, + 2 implies: 
(6) IZ,I =4. 
Let now U,<Z, with Il.J,I =8, U,>Z,, and [U,, Q,] <Z,, for 
~E(c(,cx+~}. Set Ul=U,U,+2. Set also U2=(Z,nQp)(Za+znQB). 
Then ZxnZ,+, CI (Z, n Z, + 2) U, a Uz 4 Q,j -3 G,, is a chief series 
exhibiting (b). 
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(4.3) Assume that b = 1, and that 2, is a natural module, then we have: 
(a) G,-2’.A, 
(b) ‘3,-z 
1+2+2+1 .s 3. 
ProoJ: Let CC+~E~(~)\{CX}. W e d raw the attention of the reader to the 
proof of (4.2). As in the proof of steps (1) and (3) in this proof we have: 
(1) Z,nQp % Q1+2, and Q,=Zl. 
Hence (a) follows immediately. For (b), assume that IZ, n Z, + 2I = 4, then 
IZanQ,:ZlnQ,+,I=2. But then [ZlnQ/,,Z,+,]=Z,nZ,+,, and 
Z 1 + 2 normalizes Z, n Q,, it follows that Z,n Q,]<Z, nZ,+,, a 
contradiction. We have proved: 
(2) IZ,nZ,+A =2, so Z,nZ,+2=Zp 
Further since [Z, n QD, Z, + 2 n QP] = Z,), Z, + z n Q,] does not operate 
quadratically on Z,, and hence: [Z,, Z,, 2 n Q,] = Z, n Q,; so if we set 
U= C-Z n QB)(Z,+~ n QD), then 
(3) UaGp, [U/=32, and [U,G,]=U. 
It is easy to check now that the series 1u Z, 4 [U, Q,] 4 U a Q, CI G,, 
is a chief series proving that (b) holds. 
(4.4) Suppose h = 2. Then we have: 
(a) Ggm2’tb.,47. 
(b) (3x-2 2+2+2+1+1+1 .S,. 
ProoJ We start with: 
(1) Z, 6 .W+d. 
Assume Z, $ Z(GB). Then by (2.7), Z, _ i 6 QD. Set L = (Q, ~, , Z,.). 
Note that Z,-, n Q,, is centralized by L and since no transvections are 
induced on Z,_ ,, we must have L n G,- , = Q,- i. It follows that 
Q,-, gSyl,(L). We can now use [6, Lemma (3.5), p. 161, to deduce 
V %-lGQC a contradiction. As an immediate consequence we have: 
(2) IZ,/ = /z,12 = 4. 
Set Z, = (t). Note first hat (x, y) = i, where [x, y] = t’, x, y E V,, defines 
a symplectic form on V,/Z, preserved by GB/QB. Now clearly 
IV,: v,nQ,-,I<% and since [V,nQ,-,, V,m,]dZ,p,, we have 
VDnQ,-,= VDn VEp,. Also VDn Vor..l~G,, so Vbn V,-, is elemen- 
tary abelian, else Q,, 3 @(V, n V, _ ,) 3 Z,. Since A, g Sp(4, 2), I V,< n Qn : 
VBn IJ’~,I = 4. Now [Q,nQ,, V,nQ,] d Z, d Q,-,, and it follows 
that Q, n Ql d ( VP n QdQ, n Q, - I 1; thus Q, = (Q, n Q, .-, )VP. Now 
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Q, n Q,- 1 4 G,, and hence it is elementary abelian. It follows that Qs/Zs 
is elementary abelian. Hence as above we have a symplectic form on 
Q,/Z,, and since IQ, : Q, n Q,-, I = 8, (Q, n QolP I)/Z, is a maximal 
totally isotropic subspace of Q,/Z,. It follows that Z(Q,) 6 Qpn Q,- ,, 
hence Z(Q,) is elementary abelian, and it follows that Z(Qa) = Z,. Hence 
we have lQpl = 27, and Q,/Z, is the permutation module for GD/Qa. This 
completes the proof of (a). 
For (b) note that the above implies: 
(3) IVpn V,--,) =24, and Vpn V,- , is a maximal totally isotropic 
subspace of V,/Z,. Also IV1,nQ,: VI,n I/, ,I =4. 
By symmetry, (3) holds for a - 1 in place of /I, and b in place of a - 1. Note 
now that (3) implies that for v E VP\ V,- ], [u, VP n V,- 1] = Z,. It follows 
that for v E ( V, n Q,)\ V,- I , [v, V,-, J 3 Z,. The module structure of 
V x-1 implies that: 
(4) V, n Ql does not operate quadratically on If,- ,/Z,- , 
We may further deduce that: 
(5) [VpnQ,, V,-,ln Vo=Z,. 
Elseforsomev~(V~nQ,)\V,_,,wewouldhave[~,V,~,]~V~nV,.,, 
and then V/,-~ , would normalize (u)( V, n V, ~ ,). Set now U, = 
[VEp,nQ,, VP], lJ,=[V,nQl, V,. ,I, and lJ=lJ,lJ,. Then UQG,, 
I U, I = I U,I = 24, and by (5), / Ui = 26. It is easy to verify now that: 
(6) U involves three noncentral chief factors for (V, ,, V,{). 
Notefurtherthatby(5), UnV,+,nVVI,=Z,,andso(U(V,p,nV/8)l=28. 
As IQ& = 29, (b) follows. 
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